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Fig. 5 Base heat transfer vs step height/boundary-layer thickness ratio.

The corresponding small-scale wall pressure solution has the
form

Pw/7P, x — (4h/ny)M 2 (y*)e"/ @
in terms of the boundary-layer sonic height y, where k = 1 and
—3for x < 0and x > 0, respectively. This variation is continuous
past the step (albeit with a discontinuous axial gradient) and acts
to locally smooth out the large scale pressure jump illustrated
in Fig. 1. Moreover, whereas the lateral pressure gradient in the
large scale is negligibly small, it is quite large and rapidly varying
(in fact comparable to the local axial pressure gradient) near the
corner, as shown in Fig 3.

Assuming laminar boundary-layer flow, the following useful
closed-formapproximation for the base pressure p, = p,/(x —» 0*)
can be derived? from Eq. (2):

Ps i_c MSRe ™ h

P MZ-DML
where the constant C; depends on T,/T,. Equation (3) indicates
that the quantity A is a basic correlating parameter for the base
pressure. This is verified in Fig. 4, where several sets of experi-
mental data*-® are shown to correlate in terms of a single curve
function of A over a moderately wide range of laminar flow
conditions.

Solution of the energy equation in the heat-conducting
disturbance sublayer near the wall gives the corresponding heat
transfer behavior.> In the small-scale approximation near the
step, this yields the following approximate laminar base heat-
transfer expression :
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Fig.4 Base pressure correlation for laminar supersonic flow.
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which, as expected, exhibits a much stronger dependence on the
Reynolds number than base pressure. This theoretical result is
plotted vs h/d in Fig. 5 along with some recent experimental
measurements.* Although the predicted linear behavior at small
h/o is confirmed, the theory overestimates the heat transfer
noticeably more than it does base pressure. This is to be expected
since the presence of a recirculation zone downstream of the step
(which is not accounted for in the theory) significantly reduces
base heating for the cited step heights.
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Generalized Sturm-Liouville Procedure
for Composite Domain Anisotropic
Transient Conduction Problems

JoserH PADOVAN*
University of Akron, Akron, Ohio

Introduction

HE transient and steady-state temperature distribution in

composite configurations consisting of several distinct
thermally anisotropic subdomains have numerous applications
to heat-transfer problems in re-entry vehicles, air frames, nuclear
reactors, and the like. Apart from the purely numerical
approaches such as the finite element'~* and difference pro-
cedures,* scveral purely analytical techniques®*~® are also
available. A comprehensive survey of the above noted
analytical procedures has been reported by Ozisik.* With few
exceptions,”!® most applications of analytical techniques have
been limited to isotropic 1-D laminated domain problems. This
is partly due to the added analytical complexity caused by
anisotropy as well as the general lack of attention given to such
thermal material properties. Due to the increased usage of
inherently thermally anisotropic materials in a variety of applica-
tions, this situation is changing.

In this context, the purpose of the present Note will be to
extend the relatively simple and straightforward Vodicka-
Tittle* ~ © orthogonal expansion technique to 3-D configurations
consisting of finitely many distinct fully anisotropic subdomains.
As will be seen in the development, the procedure developed
herein is based on a 3-D piecewise weighted orthogonality
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principle which in the 1-D isotropic case reduces to the Vodicka-
Tittle relation.* ¢

Development

Consider a 3-D composite configuration consisting of L
distinct subdomains whose volume R is given by

R=7Y R, (1)
=1

such that R, denotes the volume of the /th distinct subdomain
whose surface area dR, has the form
OR, = Z OR 2
k=e,f ,g...
where R, denotes that portion of R, shared in common with
OR,. To simplify the ensuing development, with no loss in
generality, the governing conduction equation for the Ith sub-
domain is given in its Cartesian form, hence,

g T+ Q= (p6)O T, G)
where «,,,", T®, 0¥, t,p", and ¢¥, respectively, represent the
conductivity tensor, temperature, heat generation, time, density,
and specific heat. As Cartesian tensor notation is being used
herein, ( ),i denotes partial differentiation with respect to the
spacial variables x,; m=1,2,3 and ()t represents time
differentiation. The interdomain conditions associated with Eq.
(3) on 0R,, take the form

TG = T® (5)
where 7,,® denotes the outward facing unit normal to 8R,. For

subdomains with external exposure, R, the boundary condi-
tions associated with Eq. (3) are given by

nm(l) Kmn(l) T’n(l) + H® T = g(l) (6)

such that H® can be so chosen as to yield either Dirichiet,
Neumann, or Cauchy type boundary conditions.

To initiate the development, T%(x,, x,, x,t) is separated into
space and time variables and represented in an infinite series in
the form

o0
9 = Z Tp(l)(xl’XZ'x3)rp“)(t) (7
p=1
In terms of Egs. (5) and (7) it immediately follows that on 0R,,

Q) T ) = &) T ®(; 3
pZ_lf,, w17 ® p;f,, o, ® t)
or following the usual Fourier procedure
7,0 &, L0 = 7,%| R, r,®() 9)
Since ¢ is free to range te [0, o0), Eq. (9) remains an identity iff
CO=T%0 =0 ; =12 L (10)

For the homogeneous case, I',(1) oc exp(4,%1), thus in terms of
Eq. (10} it follows that

AR0=210=2,; 1=12..L (11)
Hence Eq. (7) reduces to
TO =% 1,0(x,, x5 x3)0 (1) (12)
p=1

Using Eq. (12) along with the homogeneous form of Egs. (3-6),
the following set of reduced equations can be obtained:

inR;: (K" T = Alpc) 7 (13)
on 0R,: 70k g O =y 6y g 6 (14)

0 = ¢® (1)
on AR oy N K T, 0+ HO 10 =0 (16)

To determine the requisite orthogonality relation, it is assumed
that for distinct eigenvalues 4, and 2,

(Kmn“)‘[p,nm)rm = )Vp(pc)(“rp(l
(KnTqn s = Aalp) 5,

or after several manipulations, due to the symmetric nature of
(0
K

)
(17
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(4 — 2 (P 7,070 = [K,® (0,0 7,0 =10, P, )] (18)
Assuming that R, is a closed bounded region whose boundary

is a piecewise smooth orientable surface, the integration of Eq.
(18) over R, yields

(2, — A JR (pc) e, 0 dV =

Y J Ko (2,0 7,0 = 7,07, 0) 5,0 dS (19)
k=e,f.g,... Ry,

From the nonzero nature of the right-hand side of Eq. (19), it
follows that for the multisubdomain case (L > 1), Eq. (13) is
nonself-adjoint in the traditional sense. Summing Eq. (19) over all
I yields

L
(A~ Ag) 2 J (poyPz, PtV av =
=1 JR
L

,Zlk Zf: LR Ko (2,07, — 7,07 Oy, 0dS  (20)
= =e,f.g,.. 1k

To reduce the right-hand side of Eq. (20), in terms of Eqs. (14)
and (15), the following identity can be established

T K@ (T 0,0 — 7,0 1, 0) =

Do Ko (0,0 7,0 — 7,0 0)  (21)
Using the preceding identity together with the external condi-
tions [Eq. (16)], Eq. (20) reduces to

L 0.p#£4q

IZI J\R (pC)(l) Tp(” rq(l)dV B { # 0, p= q (22)

Interestingly, as can be seen from the abovementioned develop-
ment, the piecewise-weighted orthogonality relation represented
by Eq. (22) applies to fully anisotropic as well as to monoclinic,
orthotropic, and isotropic media. Hence although Eq. (13) is
nonself-adjoint in the local sense, they are self-adjoint in the
global sense described by Eq. (22).

Before formally establishing the generalized Sturm-Liouville
procedure, to limit the search for eigenvalues arising out of the
eigenvalue problem depicted by Egs. (13-16), the realness and
negative definiteness of 1 will be established. To ascertai. the
realness of A assume that

i = Re {A} + jIm {2} 23)

= Re {t®} + jIm {} (24)
such that j = (—1)Y2 Using Eqs. (23) and (24), Egs. (13-16)
reduce to
in R,
(mn” Re {10 }m = (pc)"(Re {2} Re {zV} — Im{A} Im{«¥})
o D1 (2,01}, = (o) (Re 2} Im (<) + Ins{2} Re ()
on R :

(25)

nm(l) Kmn”)Re {T'n(l)} = nm(k) Kmn(k)Re {T'n(k)}

r]m(l) Kmn(l) Im {T’nm} = r]m(k) Kmn(k) Im {T’n(k)} (26)
Re{t"} = Re{t"W}, Im{r"} = Im{z®} (27

on éR;.:
101 Re {1, 0} + HORe {t} = 0 o8

N KD Im {7, 0} + HO Im {z®} =0
Performing several manipulations on Egs. (25) it follows that
(P Im{i}(Re*{zV} + Im*{zW}) =
(1K (Im {7, P} Re{z™ — Re {7, "} Im {7},  (29)
or upon integration over R, and summation over all
Im{3} ¥ J‘ (PP (Re* (2D} + Im*{z D))V =
Ry

=1
L

£ sz, Rl o0

t=1k=e,f,g,...
Re{t, "} Im{z"})n,0dS

In the spirit of the development of Eq. (21), using Egs. (26) and
(27) the following identities can be established on ¢R,,
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M Ko (I {7, O} Re {c¥} — Re {7, O} Im{z"}) =
N K™ (Im {7,,®} Re {t®} — Re {7, ®} Im{z®}) (31
Based on Egs. (28) and (31), Eq. (30) reduces to the form

Im{2} z;J (AP Re* (7Y} + Im*{t™))dV =0 (32

Now since (pc)® and the integrals appearing in Eq. (32) are all
positive definite, it follows that Im {1} = 0, hence / is purely real.
Assuming that Eqs. (13-16) represent Euler equations, the
following equivalent variational formulation can be written
L L
i==-Y ;cm,,“)r,,,,(“r,,,(”dV/ Y, J (o) (xM)2dv (33)
1=1JR [ =1 JR
Since both the numerator and denominator appearing in Eq.
(33) are positive definite, it follows that all 4 are negative definite.
In terms of orthogonality and variational relations given by
Egs. (22) and (33), standard procedures** can be used to verify
the completeness of the 7,¥ eigenfunction set together with
convergence characteristics of expansions in terms of these
functions. Tacitly assuming that solutions for the eigenvalue
problem denoted by Eqs. (13-16) exist, the solution to Egs. (3-6)
can be developed following the classical Sturm-Liouville pro-
cedure. Hence, considering that the external conditions, Eqgs.
(4-6), can be homogenized using standard procedures, Egs. (3-6)
reduce to

in R;: (K T+ GO = (o) T, (34
on ale: nm(” Kmn(l)T’n(l) = ”m(k) Kmn(k) T’n(k) (35)

TH = T® (36)
on R, gy : N T, 0 + HOT® = 0 37

where T is the reduced temperature and 0® is the modified
heat generation. To solve Egs. (34-37), 0% and T¥(x,,x,,x5,0)
are expanded as follows

1 - Q0
(pc)® 0" = pz=: \ 4,(07," (38)
’T‘”(xl,xz, x3,0) = Z fpfp(l) (39)
p=1

where

™M

[

J (PA)® < QV(pf®, T()" >17,dV
<dpfp> = L

Z J (pc)(l) Tp(l) Tp(l) av
R

=1
In terms of Egs. (12, 38, and 39), Egs. (34-37) reduce to

Lo = 4T,—q,=0 (1)
Solving Eq. (41) in terms of the initial condition denoted by Eq.
(39) yields

(40)

T,=fe"+q,*e” 42)
where * represents the Faltung. Hence, in terms of Eq. (42) the
final solution of Egs. (34-37) takes the form

T(I) - Z Tp(l) (fp e}vpt+ qp* elpt) (43)
p=1

Because of the generality of the abovementioned development,
for the 1-D case, the results derived herein reduce to the Vodicka-
Tittle procedure. In particular, the 3-D piecewise weighted
orthogonality relation, Eq. (22), reduces to its 1-D Vodicka-Tittle
equivalent. One very important feature of the development given
herein is that the eigenvalue problem represented by Eqs. (13-16)
can be solved either analytically or numerically. Hence, the
powerful finite element procedure can be used to obtain the
eigenvalues and eigenfunctions of Egs. (13-16). Using these
together with the expansion denoted by Eq. (43), the solution of
Egs. (3—6) can be developed. In such a case, the number of terms
retained in the series, Eq. (43), will depend on the fineness of the

element breakdown.
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Raman Scattering Applied to Hypersonic
Air Flow

MEzrVIN E. HILLARD JR.* E. LEON MORRISETTE,
AND M. LAWRENCE EMORY
NASA Langley Research Center, Hampton, Va.

Introduction

N intimate knowledge of three-dimensional flowfields is

necessary to determine the design and performance of future
flight vehicles. Standard probing techniques which have been
adequate to define simple flowfields are no longer useful when
severe streamline curvature exists since the presence of the probe
may alter the flowfield and the flow direction is not known
a priori. The most desirable probe for three-dimensional flows
would be nonintrusive and independent of flow direction; ob-
viously, this describes an optical probing technique. In the
present investigation, the Raman scattering technique was used
to measure the local static temperature and gas number density
over a flat plate in a Mach 5 nozzle of the Langley nozzle test
chamber with air as the test gas. While this flowfield is not
three-dimensional, the accuracy of the resulting measurements of
density and temperature confirm the accuracy of the technique
for more complicated flows (as long as the 'spatial resolution of
the sample volume is sufficiently small).

Measurements were made in the inviscid flowfield of a sharp
leading-edge flat-plate model at several angles of attack (—5° to
15°) and over a wide range of tunnel conditions (stagnation
pressures P, from 1.7 x 10> to 2.8x 10® N/m? and stagnation
temperatures 7, from 317° to 442°K). The measured values of
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